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Abstract 

An interpolation between the canonical partition functions of Bose, Fermi 
and Maxwell-Boltzmann statistics is proposed. This interpolation makes use 
of the properties of Jack polynomials and leads to a physically appealing 
interpolation between the statistical weights of the three statistics. This, in 
turn, can be used to define a new exclusion statistics in the spirit of the work 
of Haldane. 
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The exclusion statistics, introduced by Haldane in a pioneering work^, has attracted 
considerable interest in recent years^~^. This statistics, formulated without any reference 
to spatial dimensions, provides an interpolation between Bose and Fermi statistics and cap- 
tures the essential features of the anyon or fractional statistics^ peculiar to two dimensional 
systems. The initial motivation for introducing such a statistics incorporating the notion of 
a generalized exclusion principle came from the properties of quasi particles in the fractional 
quantum Hall effect and in one dimensional inverse-square exchange spin chains^. The rel- 
evance of this statistics for quasi particles of the one dimensional ideal gas described by the 
Calogero- Sutherland modeF has also been recently demonstrated®. In its simplest form, 
Haldane statistics, rests on the observation that in an assembly of N particles each of which 
can occupy M states, the number of states available to the A^*'* particle after — 1 particles 
have been distributed into various states is equal to M for a Bose system and M — (A^ — 1) 
for a Fermi system. One can thus associate an effective dimension dfj — M with a Bose 
system and dff — M — [N — 1) with a Fermi system and, by way of generalization, look 
upon the two statstics as special cases of a generalized statistics characterized an effective 
dimension d% — M — g{N — 1). The signficance of the concept of an effective dimension 
lies in the fact that it not only reflects the nature of the statistics through g, taken to be a 
measure of the statistical interactions, but also enables one to unify the statistical weights 
associated with Bose and Fermi systems through the following formula 

( d% + N-l\ ( M+{l-g){N 



V ^ / 



(1) 



which lor g — Q and g — 1 clearly reduces to the familiar expressions for the statistical 
weights Wb and Wp associated with Bose and Fermi systems respectively. Thermodynamic 
properties of an ideal generalized gas specified by the statistical weight given in (1) have 
been investigated by a number of authors^"''. 

The interpolation between Bose and Fermi statistics furnished by (1) is at the level of 
the total number of quantum states of A^ particles corresponding to Bose and Fermi statis- 
tics. It is therefore natural to seek an interpolation between the two at a finer level i.e. at 



the level of canonical partition functions. In this letter we propose one such interpolation 
based on Jack polynomials^. A signficant feature of this interpolation is that it not only en- 
compasses Bose and Fermi statistics but also the "corrected" Maxwell- Boltzmann statistics. 
This interpolation between the canonical partition functions of the three standard ideal gas 
statistics, in turn, leads to an interpolation between their statistical weights which, like (1), 
can be used to define an exclusion statistics in the spirit of Haldane's work. 

In a recent work^° it was shown that the Schur functions^-*^ sx{x); x = {xi, - ■ ■ ,xm), a 
class of symmetric polynomials in xi, • • • , xm of degree N indexed by the partitions A of N, 
occupy a privileged position in all quantum statistics based on the permutation group . In 
particular, it was shown that, with the identification Xi — e^^% ej being the single particle 
energies, the canonical partition functions for Bose and Fermi systems can be expressed 
in terms of a single Schur function correponding to the partitions A = {N, 0, 0, • • •) and 
A = (1^, 0, 0, • • •) respectively 



The canonical partition function for the "corrected" Maxwell-Boltzmann statistics is given 
by the familiar expression 



with the A^! in the denominator accounting for the "correction" . We would like to emphasize 
here that the observation that the the canonical partition functions for Bose and Fermi 
systems can be expressed as in (1) and (2) plays a crucial role in the unification of the three 
canonical partition functions given above in terms of Jack polynomials. 

Jack polynomials denoted by Jx{x;a), like the Schur functions, constitute a class of 
symmetric polynomials in xi, • • • , xm of degree N indexed by the partitions A of iV and de- 
pend on a parameter a. These polynomials, though studied extensively in the mathematical 
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literature^, have acquired prominence in the physics hterature only recently through the fact 
that they appear in the eigenfunctions of the Calogero-Sutherland Hamiltonian. Some of 
their properties relevant to the present work are summarised below 

[1 ] J\{x; a) if normalized in such a way that when expressed in terms of the monomial 
symmetric functions rriKix), 

JA(a;;Q;) = ^CAK(Q;)m«(a;) , (5) 

K 

the coefficient of m(ijv)(x) in this expansion is N\, then Ck\{ck) are polynomials in a 
with non negative integer coefficients. The monomial symmetric functions introduced 
above are defined as foUows^^. 

mx{x) =J2xi'^2^ ■■■^m' ■ (6) 

The sum on the rhs of (6) is over all distinct permutations of (Ai, • • • , Am)- 

[2 ] For A = {N, 0, 0, • • •) the coefficients of expansion in (5) are explicitly known^^ and 
one has 

J(N){x;a)^^ • r[[l.{l + a){l + 2a)---{l + {\-l)a)] m^ix) . (7) 
A Ai!---Am! i 

[3 ] The value of J(jv)(a;; a) for xi = ^2 = • • • xm = 1 is given by 

J(Ar)(l; a) = M{M + a){M + 2a) ■ ■ ■ {M + {N - l)a) . (8) 

Setting a = 1, 0, — 1 in (7), and using 

J2mx{x) = s^N){x) , (9) 

A 

— — — - mx{x) = {xi + X2 + ■ ■ ■ + xm)^ [multinomial theorem) , (10) 

X Ai!---Am' 

m(iiv)(x) = S(iiv)(x) (11) 
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respectively one obtains 

J(N){x; 1) = A^! S(iv)(a;) ; J(n){x;0) 



xi-{ ,xm) ; J(N){x; -1) ^ N\ S(^iN){x) . 



(12) 



Hence if we define 



ZU^) = JN{x.a)/N\ , 



(13) 



(14) 



then, in view of (2) — (4), we have 

Z§{x) if a^l 

Z%{x) = Zf}^{x) tfa = 
Zn{x) if a — —1 

Thus we find that the function defined in (13) interpolates between the canonical partition 
functions of the three standard statistics. Setting Xi = 1 and using (8), one finds that the 
corresponding statistical weight 

M{M + a){M + 2a)---{M + {N - l)a) 



Wa = Z%{1) ^ 



m 



(15) 



as expected, interpolates between the statistical weights 



W, 



V 



N 



MB 



I 



(16) 



associated with Bose, Maxwell-Boltzmann and Fermi statistics. If we introduce, a la Hal- 
dane, a concept of an effective dimension through — M ^ a{N — 1), then (15) may be 
written as 



1 



N 



(17) 



The interpolations furnished by (1) and (15) are clearly different. However, if we put 7 = 1/0; 
in (15), we find that it can be cast into the form 

/ 



'jM + N -1 
N 



(18) 



similar to that in (1). 

Thus we find that given in (13) has a nice feature that it not only interpolates 
between the canonical partition functions of the three standard statistics but also leads to 
a physically appeahng formula (17) for the statistical weight Wa- The statistical weight 
is simply given by the product of the effective dimensions divided by A^!. The picture 
underlying the effective dimensions is also consistent with physics. Statistical interactions 
owe their origin to the symmetry requirements imposed on the N particle wave function. 
The deviations from the ideal gas law PV = NkT provide a quantitative measure of their 
strength and nature. In Fermi systems the, the anti symmetrization of the wavefunction leads 
to a repulsive statistical interaction and one expects the effective dimension to decrease with 
N. In Bose systems, symmetrization of the wavefunction gives rise to an attractive statistical 
interactions and one expects the associated effective dimension to increase with N. As for 
Maxwell-Boltzmann statistics, since no notion of symmetrization or anti symmetrization 
is involved and since the ideal gas law always holds, there are no statistical interactions 
and one expects the effective dimension to be independent of N. This is precisely what 
is borne out by the assignment of effective dimensions to the three statistics given above. 
One can thus define a generalized statistics based on (17) with a as a measure of the 
statistical interactions consistent with the intuitive picture one has about the origin of these 
interactions. Thermodynamic consequences of this generalized statistics based on (17) can 
be worked out in much the same way as has been done for the one based on (1). The 
analysis turns out to be much simpler and one finds that, for arbitrary a, the mean number 
of particles Nj, in the state i is given by 

Wi^-r, 1 — ; — r- (19) 



a 



where the positive or the negative sign on the rhs is to be taken depending a is negative or 
positive, and in the two cases one may speak of a Bose-hke or a Fermi-like statistics. The 
chemical potential fi that enters (19) is to be determined by requiring that N = From 
the structure of (19) it is clear that the expressions for various thermodynamic quantities 
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appropriate to this statistics can simply be obtained by replacing N by N/\ a\ in the 
corresponding expressions for Bose and Fermi statistics. Thus, for instance, the second 
virial coefficient for an ideal Bose-like or Fermi-like gas will simply be | o; | times that for 
Bose and Fermi systems. 

To compare the exclusion statistics based on (1) and (17), consider the cases correspond- 
ing togf = l/2in(l) and a = —1/2 in (17). For g = 1/2, though the explicit expression for 
Ni as a function of temperature turns out to be different from that in (19), one finds that 
at T = both lead to the result that Ni — 2 \i ei < ji and equal to zero if > indicating 
fractional exclusion attributable to statistical interactions. However, when one examines 
the limit of high temperatures and low densities one finds that in the statistics based on 
(1) the first correction to the ideal gas law turns out to be proportional to {2g — 1) and, 
therefore, vanishes at = 1/2 suggesting absence of statistical interactions. In the statistics 
based on (17), on the other hand, the effects of statistical interactions do show up in the 
first correction to the ideal gas law and magnitude of the correction is precisely half of that 
for a Fermi gas. 

To conclude, we have found a formula based on Jack polynomials which interpolates 
between the canonical partition functions of Bose, Fermi, and the corrected Maxwell- Boltz- 
mann statistics. It also leads to a unifying expression for the statistical weight which can 
be given a simple physical interpretation on the basis of the notion of an effective dimen- 
sion introduced by Haldane. This aspect of the interpolation presented here is important 
because, from a purely mathematical point of view, one can always write any number of 
formulae which would contain the three canonical partition functions as special cases. One 
such possibility could be 

Z%{x) = \a{a + l)Z^{x) + (1 - «)(« + l)Z^''{x) + ]-a{l - a)Zfj{x) (20) 

The corresponding formula for the statistical weights would, however, be devoid of any in- 
tuitive appeal. It is also remarkable the generalized statistics presented here automatically 
contains the "corrected" Maxwell-Boltzmann statistics (as opposed to the infinite or uncor- 
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rected Maxwell-Boltzmann statistics) as a special case. We would also like to note that, for 
specific values of a, Jack polynomials can be viewed as zonal spherical functions on certain 
symmetric spaces and this perspective may lead to a deeper understanding of the generalized 
statistics which goes beyond simple combinatorial considerations. 
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